Near Optimal Universal Lossy Source Coding
via Markov Chain Monte Carlo

Shirin Jalali and Tsachy Weissman
Stanford University

Problem statement Central Problem of Source Coding Some definitions Some definitions (Cont’d)
Find a (family of ) scheme(s) which is: : n _ N
(X™) € {1,... 2 . ( y of) Q o Let the k-th order count matrix of y", my, be e Define the k-th order empirical entropy of y™ as
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e Performance criterion at rate R : o The size of my(y") is | V] x |V|".
e Practical
1 e Example, £ = 3, binary alphabet where P ol - .
D = Ed, (X", X") = _ZEd(XiaXi) Importance of Problem: s 3 o — = H(v) = > i Tofls log if v=£(0,...,0)
n S = S = 0 if v=1(0,...,0)7
e Theory o | moo Mo
e Goal: to find a family of encoders/decoders that are asymptotically optimal e Practice
for any stationary ergodic source _ _ _ 1 | ™o e miz
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— audio
et — for b € {0,1} o
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An exhaustive search algorithm Sampling from Boltzmann in lieu of Exhaustive Search Monte Carlo Markov Chain: Gibbs Sampling Algorithm for generating the reconstruction sequence
e For each source sequence x™ let the reconstruction block z™ be e Associate with each reconstruction sequence y™ the energy MCMC: A class of algorithms for sampling from a given distribution - Input: 2", k, s, {B(¢) }+, 7
I argny17iln [Hi(y") —s-d(z",y")], E(y™) 2 n[Ho(y™) — s- dz", y™)] . run a Markov chain that has the desired - QOutput: a reconstruction sequence "

distribution as its steady state distribution n n
Let y" «— x

where s < 0 is the slope

e [he Boltzmann distribution can now be defined as Gibbs sampling:

. - FORt=1tor
N 1 - - Setting: Given {PXi|Xn\i 1, generate sample from Pxn 1. Draw an integer i € {1,...,n} uniformly at random
pa(y") = EGXP{—ﬁE(?J )} - ldea: Each iteration, choose i (randomly or systematically), and sample 2. For each a € Y compute
- with Z = " E(y™). from Py xni | - | -
y" - Result: Letting X™U) denote the sequence after the j-th iteration, pa)(Yi = aly™\ = y™\) = (Z exp{—0 [nAHk(y"‘_lby?H, a) — s - Ad(b, a,xi)]}
b
If B is | d Y ~ pg, then with high probabilit oo o "
_ o If §is large an Pp, then with high probability Py ) —> Pxn 3. Update y™ by replacing its i" component y; by y drawn from the pmf
S _ _ g under benign conditions on { Py yn\i}iy (€.8., positivity suffices). 4. Update my(y",-) and Hy(y")
e The encoder, after computing 2", losslessly conveys it to the decoder using g
LZ compression. - Let 2 «— y"
Main result Experiment: binary memoryless source Experiment: binary i.i.d. source Experiment: 2-D binary image

Let X?’T(X”) denote the (random) outcome of the above algorithm applied to
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Comparing the algorithm performance with the optimal rate-distortion tradeoff for a Sample paths demonstrating evolutions of the empirical conditional entropy, average distortion, 01 1 1
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: : _ _ _ Bernoulli(0.2) i.i.d source and energy function in Algorithm 1 for n = 1eb, k = 10, s = —2.5, and 3(t) = 1 + t. 1 1
The randomness used in the algorithm is assumed independent of the source. i yy O, i




