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Case 2
Suppose R0 > dim(R1∩R2) = r1 + r2− r1,2. We choose
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and
t = R0 + r1,2 − r1 − r2.

The received signal at user k = 1, 2 is given by:
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where W
(0)
0 is the message vector formed by the first r1 +

r2 − r1,2 entries in W0 and W
(1,2)
0 is the message vector

formed by the rest of the entries in W0.
The achievability of the rational rate tuples that satisfy the
inequalities (2)-(6) can be proved by extending the above
linear coding scheme to block length n such that (nR0,
nR1p, nR1c, nR2p, nR2c) is an integer rate tuple. The
achievability of the general rate tuples that satisfy the in-
equalities (2)-(6) follows from the fact that rational num-
bers are dense in the real line.

Conclusions
A complete characterization of the capacity region of the
MIMO linear deterministic broadcast channel model is pro-
vided when there are two users and a set of five messages
including one common, two private, and two confidential
messages. The result will be used to obtain an approximate
characterization of the capacity region of the MIMO Gaus-
sian broadcast channel with generalized message sets.
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and

t1 = R1p + R1c + r2 − r1,2

t2 = R2p + R2c + r1 − r1,2.

The received signals at users 1 and 2 are given by:
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From our construction, it is clear that both users can re-
cover their desired messages by solving the linear equa-
tions (7) and (8), respectively. Note that in this case each
user may also be able to partially decode the private mes-
sage intended for the other user.

Achievability
We first consider a linear coding scheme with unit block
length that achieves every integer rate tuple that satisfies
the inequalities (2)-(6). The channel input X is given by:

X = B0W0 + B1pW1p + B2pW2p + B1cW1c + B2cW2c

where B0, Bkp, and Bkc are the encoding matrices for the

messages W0, Wkp, and Wkc, respectively. Let {b(1)
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i=1 , and {b(0)
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i=1 be sets of basis vectors
for the subspaces R1 ∩ N2, R2 ∩ N1, and R1 ∩ R2, re-
spectively. Here, Rk and Nk are the row and null spaces
of Hk, respectively.

The Converse
The inequalities (2) and (3) follow readily from the point-
to-point consideration for users 1 and 2, respectively. The
inequality (6) follows from the point-to-point considera-
tion by letting user 1 and user 2 cooperate to decode the
message. Following standard wiretap channel argument,
we have
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where (a) follows from H(Y1|X, Y2) = 0 since the chan-
nel is deterministic, and (b) follows from the fact that the
number of possible values for Y1 given Y2 is no more than
r1,2 − r2. The inequality (5) can be obtained in a similar
fashion.

Main Result
Theorem 1 The capacity region of the two-user MIMO lin-
ear deterministic broadcast channel with one common, two
private, and two confidential messages is given by all the
nonnegative rate tuples (R0, R1p, R1c, R2p, R2c) that sat-
isfy:

R0 + R1p + R1c ≤ r1 (2)
R0 + R2p + R2c ≤ r2 (3)

R1c ≤ r1,2 − r2 (4)
R2c ≤ r1,2 − r1 (5)

R0 + R1p + R1c + R2p + R2c ≤ r1,2 (6)

where rk = rank(Hk) and r1,2 = rank

([
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H2

])
. Here,

(R0, R1p, R1c, R2p, R2c) are all expressed in terms of
log2 |F| bits per sample.

Motivation
Characterizing the capacity region of the MIMO Gaussian
broadcast channel with generalized message sets appears
to be difficult. For example, a complete characterization of
the capacity region of the MIMO Gaussian broadcast chan-
nel with common and private messages remains open. We
therefore resort to a linear deterministic broadcast channel
[1], which was originated from the recent development of
a linear deterministic model for wireless channels and its
connection to the Gaussian models.

Channel Model
At each time sample, the MIMO linear deterministic broad-
cast channel model can be written as:

Yk = HkX, k = 1, 2 (1)

where Hk is the channel matrix of size nk ×m for user k,
X is the real input vector in a finite field Fm, and Yk is the
signal received by user k. Let W0, Wkp, and Wkc be the
common message, the private message for user k, and the
confidential message for user k while assuming the other
user as an eavesdropper, respectively.
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