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Motivating Ideas and Questions

It is helpful to know it when a decoding error is made.

In all most all of the cases to decrease the undetected error probability,
overall error probability has to increase.

What is the (exponential) trade off?

Forney’68, [1] has investigated the problem for case, for the case without
feedback.

Does feedback help in terms of asymptotic performance? How much does
it help?
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Problem Statement

DMC
X Y

Source
θ

Destination
θ̂

Transmitter Receiver

Encoder/ Decoder/

Z

A Message θ from message set M = {1, 2, . . . |M|} is given

Encoder for a fixed length block code with feedback, for all k ≤ n

Xk(θ, Z k−1) : M×Zk−1 → X
Errors and erasures decoder for a fixed length block code

θ̂(Y n) : Yn → {x, 1, 2, . . . |M|}

Error and Erasure Probabilities

Pe =
“
P

h
θ̂ 6= θ

i
− P

h
θ̂ = x

i”
Px = P

h
θ̂ = x

i
Rate, Erasure Exponent and Error Exponent are given by

R =
ln |M|

n
Ex = − ln Px

n
Ee = − ln Pe

n
Ee(R, Ex) =?
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Related Work / Behaviour On The Extremes

Error exponents of blockcodes with feedback (without erasures): Ee(R)

Ee(R,∞) = Ee(R)

Ee(R, Ex) = Ee(R) ∀Ex ≥ Ee(R)

i.e. we are only interested in Ex ≤ Ee(R).

Error exponent of variable length blockcodes with feedback: EeV (R)

Ee(R, 0) = EeV (R) =

„
1− R

C

«
D

What is Ee(R, Ex) for 0 < Ex < Ee(R)
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A Parametrized Class of Error-Erasure Codes

Communication Phase Control Phase

n

αn (1 − α)n

Transmitter uses a fixed composition code of type P, rate R ′ = R
α

length
n1 = αn.

Receiver makes a maximum mutual information decoding, θ̃

Transmitter accepts by sending xA if θ̃ = θ or reject by sending xR else.

Receiver uses a partial order, �, between (i , yn) pairs to decide.

θ̂ =


θ̃ iff(θ̃, yn) � (i , yn) ∀i 6= θ̃
x else

ff
(1)
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Error and Erasure Probabilities

An error or an erasure will happen if θ can not dominate all other
messages?

Pe(i) + Px(i) = P [{yn : ∃j 6= i s.t.(i , yn) � (j , yn)}| θ = i ]

An error will occur if a message other than θ dominates all message.

Pe(i) = P [{yn : ∃j 6= i s.t.(j , yn) � (k, yn) ∀k 6= j}| θ = i ]

Note that

{yn : ∃j 6= i s.t.(j , yn) � (k, yn) ∀k 6= j} ⊂ {yn : ∃j 6= i s.t.(j , yn) � (i , yn)}

Thus
Pe(i) ≤ P [{yn : ∃j 6= i s.t.(j , yn) � (i , yn)}| θ = i ]
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Optimization of �

Use packing lemma to bound both of the probabilities.

Choose the � to minimize Pe while keeping Px small enough, and obtain
Ee(R, P, Ex, α, ϕ).

Only α ≥ α∗(R, P, Ex) are allowed,1 where α∗(R, P, Ex) is the unique
solution of Ex = αEr

`
R
α

, P
´
.

Ee(R, P, Ex, α, ϕ) is a convex function of α.

Thus
Ee(R, P, Ex) = max

ϕ
Ee(R, P, Ex, α

∗, ϕ) (2)

1Else there are too many errors in the first phase.
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Comparison with Non-feedback Case
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Converse Idea

In erasure free-case straight line bound to connect low rate upper bounds
to high rate ones.

Shannon, Gallager and Berlekamp, [2, Theorem 1]:

P̃e(M, n, L) ≥ P̃e(M, n1, L1)P̃e(L1 + 1, n − n1, L) (3)

Can we use same idea to connect the bounds we have for different points?

P̃e(M, n, L) → Pe(M, n, L, Px)
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Converse

Theorem

For any n,M , L, Px and for any n1 ≤ n, L1, minimum error probabilities of
fixed length block codes with feedback is satisfy,

Pe(M, n, L, Px) ≥ Pe(M, n1, L1, 0) · Pe

“
L1 + 1, n − n1, L, Px

Pe(M,n1,L1,0)

”
(4)
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Straight Line Bound

Theorem

For any rate R ≥ 0, Ex ≤ Eh(R), for any γ ∈
`

R
C
, γ∗(R, Ex)

´
Ee (R, Ex) ≤ γEh

„
R

γ

«
+ (1− γ)Ee

0@0,
Ex − γEh

“
R
γ

”
1− γ

1A
where γ∗(R, Ex) is the unique solution of γEh

“
R
γ

”
= Ex if it exists, 1 else.
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Upper and Lower Bounds Together
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Current/Future Work

Better codes for low rates.

Erasure exponents of zero-error codes.

List decoding improvements on two phase coding schemes.

Error exponent - erasure exponent trade off at zero rate.
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Packing Lemma

Any � in terms of (V(1), V(2) . . . V(|M|)) and α where

Vj,l(i) =
# of k such yk = l and xk(i) = j in yn1

# of k s.t. xk(i) = j in yn1

αl|i,j =
# of k s.t. xak = i and xr k = j and yαn+k = l in yn

n1+1

# of k s.t. xak = i and xr k = j in yn
n1+1

But we will restrict ourselves to orders, for which (i , yn) � (j , yn) can be
determined solely by V(i), V(j) and α.

Lemma (Packing Lemma)

For every R > 0, δ > 0 and every type P of the sequences X n satisfying
H(P) > R, there exist at least en(R−δ) distinct sequences xn(i) ∈ X n of type P
such that for every pair of stochastic matrices V : X → Y, V̂ : X → Y and for
every i

|TV (xn(i))
\
∪j 6=iTV̂ (xn(j))| ≤ |TV (xn(i))|e−n|I (P,V̂ )−R|+
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